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“When is the p-subgroup D of the finite group G a defect group for some 
p-blocks of G? If D is such a subgroup, in terms of group theoretic proper- 
ties, count the number of p-blocks with D as a defect group.” This is an 
important problem in modular representation theory. So far, the unique 
perfect result in this connection is R. Brauer’s Theorem: 
“Let PE S,(G) (S,(H) denotes the set of Sylow p-subgroups of finite 
group H). Then the number of p-blocks of G with P as a defect group is 
equal to the number of p’-classes of G with P as a defect group.” 
In this paper, we prove the following theorems. 
THEOREM 1. Let D he a p-subgroup of the finite group G. Assume 
D$ S,(DC,(D)) and D is a maximal intersection of S,(G) (see Definition 1). 
Then the following are equivalent, 
(i) G has a p-block with D as a defect group, 
(ii) D = O,(DC,(D)), 
(iii) DC,(D) is not p-closed. 
THEOREM 2. Let D be a p-subgroup of G. Assume D $ S,(DC,(D)) and 
D is a co-cyclic (see Definition 3) in G. Then G has a p-block with D as a 
defect group if and only if D = O,(DC,(D)). 
THEOREM 3. Let P, be a maximal subgroup of a Sr-subgroup of G and 
assume P, $ S,( P, C,( P,)). Then the following are equivalent, 
(i) G has a p-block with D as a defect group, 
(ii) 3 x E G and a S,,-subgroup P of G such that P” n P = P, 
(iii) P Ql No( P,). 
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Theorems 1, 2, and 3 together with another result of the author [2, 
Theorem 73, 
“THEOREM A. Let D be a S,-subgroup of DC,(D). For any p-subgroup 
D, of G, if D, 2 D (D is conjugate to a subgroup of D, ), then the number 
of p-blocks with D, as a defect group is equal to the number of p’xlasses of 
G with D, as a defect group.” 
completely answer the problem: “For any maximal intersection of 
S,-subgroups, or co-cyclic p-subgroup of G, or maximal subgroup of a 
S,-subgroup of G, what is the sufficient and necessary condition for it to 
be a defect group of some p-block of G. 
The notation is standard. See, for example, [ 11. We need to fix a split- 
ting p-modular system (K, R, F), where R is a complete discrete valuation 
ring. K is the quotient field of R and F= R/xR is a finite splitting field with 
Char F=p, xR is the unique maximal ideal of R. In this paper, a p-block 
means a block of the group algebra FG. 
DEFINITION 1. Let D be an intersection of two distinct S,-subgroups of 
G. If D has the property that for all P, , P, E S,,(G) with D < P, n P,, then 
P, = P,, D is called a maximal intersection of S,(G). 
DEFINITION 2. Let D be a p-subgroup of G. Assume that for all P,, 
P, E S,(G) with P, # P,, we have that P, n P, = D. We say the set S,(G) 
has the D-I property. 
Note that when G is p-closed, S,,(G) has the D-I property. It is obvious, 
if D is a maximal intersection of S,(G), then the set S,(N,(D)) has the D-I 
property. 
DEFINITION 3. Let D be a p-subgroup of G. If for all PE S,(N,(D)), 
P/D is cyclic, we say D is co-cyclic in G. 
LEMMA 1. Suppose G, Q G. Let C, be a conjugate class of G, , C the 
corresponding class of G. Then Cl is full defect if C is. 
Proof Let g E C, and let P E S,(G) and P E S,(C,( g)). Then P n G, is 
a S,-subgroup of G, as G, a G. Then P n G, c C,,(g), this implies P n G1 
is a S,-subgroup of C,,(g). This shows that C, is full defect. 
LEMMA 2. Let P be a p-group. Assume D 4 P and P/D is cyclic. If 
D<Pi<P, i=l,2. Then either P,<P, of P,<P,. 
ProoJ Let i’, = Pi/D. Because P/D is a cyclic p-group, then without 
loss of generality, B, < B,. So PI d PI. 
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LEMMA 3. Let D be co-cyclic in G. Assume D 4 G, Q G and 
D $ SJG,). Let Cl be a conjugate class of G, and C is the corresponding 
class of G. Then C, has a defect group > D if C has. 
Proof. Let g E C, and let Q be a S,-subgroup of C,(g), Q > D. Since 
Gi Q N,(D), we can pick up a S,-subgroup P of N,(D) such that Q < P. 
We also have that P n G, is a S,-subgroup of G, . Denote it by P,, so 
P,, < P. Since P/D is cyclic, we have Q < P, or P, < Q be Lemma 2. In both 
cases, QnP,>D. But QnP,dG,nC,(x)=C,,(g). So D<QnP,d a 
S,-subgroup of C,,(g). This shows that C, has a defect group > D. 
THE PROOF OF THEOREM 1. 
By using the first main theorem of block theory, we need only prove the 
theorem for N,(D). We use the same symbol G to denote N,(D). Thus 
D Q G and S,(G) has the D-I property. 
(i) + (ii). If G has a block with D as a defect group, so has DC,(D) 
by the extended first main theorem. If follows D = O,(DC,(D)). 
(ii) + (i). If D = O,(DC,(D)), let G,,= DC,(D). S,(G,) has the D-I 
property as G has the property and DaG, < G. Let (?I = GJD. Since 
O,(G,)= D$S,(G,), GI is not p-closed. It is easy to show that S,(c,) has 
the T-I property and G, is not p-closed. We now use the following theorem 
of L. Zhang [S], 
“G is a finite group, S,(G) has the T-1 property. P E S,(G). Then G has 
a p-block of defect zero if and only if P Q G” 
so G, = DC,(D)/D has a block of defect zero. Thus G, = DC,(D) has a 
block b with D as a defect group. bc is a block of G. We will prove that 
bG is not of full defect, so bc has a defect group D as S,(G) has the D-I 
property. 
Now suppose bG is of full defect. Let f be the primitive idempotent of 
Z(R’G) associated with bG. As D a G, it is obvious fG Z(FDC,(D)) and 
f=f, + ... +f,, fts are primitive idempotents of Z(FDC,(D)). fis of full 
defect, so f is a linear combination of class-sums of Z(FG) and at least one 
class C of G, whose class-sum is with a nonzero coefficient in the linear 
combination, is of full defect. Let C = Cfl u . . u Cy, then (f$)‘s are 
classes of G, with full defect by Lemma 1. Since class sums are linearly 
independent, there exists some f,, as a linear combination of class-sums of 
Z(FG,), which contains the class-sum of Cp with nonzero coefficient. This 
shows that the block b’ of FG associated with fi is of full defect. From 
blG = bG, 6’ and b are G-conjugate. So b is of full defect. This contradiction 
implies that bG is not of full defect. This proves (i) and (ii) are equivalent. 
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(ii) -+ (iii). It is obvious. 
(iii) + (ii). The D-I property implies D is a normal p-subgroup. So 
D < O,(DC,(D)). From DC,(D) is not p-closed, O,(DC,(D)) is contained 
in any intersection of Sylow p-subgroups of DC,(D). In particular, it is 
contained in D. It follows that D = O,(DC,(D)). 
Remark. The above proof is equivalent to prove that G is not of full 
defect. There is a general theorem of J. Zhang [4] that is available for our 
problem. But we prefer to give a direct proof. 
Proof of Theorem 2. The “only if” part is obvious. Now we assume 
that D = O,(DC,(D)). D is also co-cyclic in N,(D). By the first main 
theorem we only need prove this theorem for N,(D). We use the same 
symbol G to denote N,(D). So DdG. Let G, = DC,(D) and P,ESJG,) 
such that PO < P. As P/D is cyclic, so is PO/D. Let G, = G,lD = DC,(D)/D. 
Since O,(G,) = D, O,(G,) = (1). By using a theorem of J. Zhang [3], 
“G is a finite group, P E S,(G), P is cyclic. Then G has a block of defect 
zero if and only if O,(G) = ( 1 ).” 
G, has a block of defect zero. And G, = DC,(D) has a block b with D as 
a defect group. bG is a block of G. If bG has a defect group > D. By means 
of Lemma 5, an argument similar to the one in the proof of Theorem 1, 
(ii) -+ (i), proves that b has a defect group > D. This contradiction implies 
that bG has D as a defect group. 
Proof of Theorem 3. (i) -+ (ii). Th is is a consequence of a theorem of 
J. Green. 
(ii) -+ (iii). Suppose XE G such that P” n P= P,. Because of the maxi- 
mality of P,, Pi dP, and PI d P”. So P and P” are contained in N,(P,). 
This shows that NG(P,) is not p-closed. 
(iii) -+ (i). By the assumption P, # SJ P, C,( P,)), SJ P, C,( PI)) E 
S,NG( PI)). Because the elements of S,(N,( P,)) are conjugate and 
PICG(P1) d NG(PI)y ~~(NG(P~))=~~(P~CG(P~)). so PICG(P1) is not 
p-closed. From Theorem 1, G has a block with P, as a defect group. 
It should be mentioned that for a maximal intersection D of S,,-sub- 
groups of G (a co-cyclic p-subgroup D of G, or a maximal subgroup D 
of a S,-subgroup of G), we answer the problem about the existence 
of p-blocks of G with D as a defect group by using both Theorem 1 
(Theorem 2, or Theorem 3) and Theorem A. The following examples show 
that for a co-cyclic p-subgroup D of G (a maximal subgroup D of a 
S,-subgroup of G), neither Theorem 2 (Theorem 3) nor Theorem A holds 
for both the case DES,(DC,(D)) and the case D$S,(DC,(D)). 
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Example 1. Let S4 be the symmetric group of four objects. The order of 
Sylow 2-subgroups of S4 is 23. Let P be a Sylow 2-subgroup of S4, P 43 S4. 
Let 
D = { (11, (12WL (14W), (13)(24)). 
It is a co-cyclic 2-subgroup of S, (a maximal subgroup of P). This example 
satisfies the assumption of Theorem 2 (Theorem 3) except D # S,(DC,(D)). 
There exists no 2’-class in S4 which has D as a defect group. So S4 has no 
2-block with D as a defect gr ‘C mp. 
Example 2. Let 
aI 
P= a, ii 1 a3 ) PJ = 33. 
P is an abelian additive group. Let 
N={t f j c+GF(,,*], INI=S. 
N acts on P as usual. Let G = N K P. P a G and P is a Sylow 3-subgroup 
of G. Let 
D is a co-cyclic 3-subgroup of G (a maximal subgroup of P). 
The element 
is a 3’-element, and the corresponding 3’-class has D as a defect group. 
This example satisfies the condition of Theorem A except D E S,(DC,(D)). 
G has no 3-block with D as a defect group as P 4 G. 
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